Quantiles of income distributions are often applied to the estimation of various inequality, poverty and wealth characteristics. They are traditionally estimated using the classical quantile estimator based on a relevant order statistic. The main objective of the paper is to compare the classical, Huang-Brill and Bernstein estimators for these measures from the point of view of their statistical properties. Several Monte Carlo experiments were conducted to assess biases and mean squared errors of income distribution characteristics for different sample sizes under the lognormal or Dagum type-I models. The results of these experiments are used to estimate inequality, poverty and wealth measures in Poland by macroregion on the basis of micro data originating from the Household Budget Survey 2014.
Introduction
Statistical measures based on quantiles are frequently applied to the analysis of income distribution as they comprise many popular inequality Alina Jędrzejczak, University of Łódź, Institute of Statistics and Demography, Department of Statistical Methods, Rewolucji 1905 41/43, 90-214 Łódź, Poland, e-mail: jedrzej@uni.lodz.pl Dorota Pekasiewicz, University of Łódź, Institute of Statistics and Demography, Department of Statistical Methods, Rewolucji 1905 41/43, 90-214 Łódź, Poland, e-mail: pekasiewicz@uni.lodz.pl and poverty indices and indicators. Simple dispersion ratios, defined as the ratios of the income of the richest quantile over that of the poorest quantile, usually utilise deciles and quintiles, but in principle, any quantile of income distribution can be used. A version of the decile dispersion ratio using the ratio of the 10th over the 40th percentile which has recently become popular is the so-called Palma ratio. Another popular inequality measure based on deciles is the coefficient of maximum equalisation, also known as the Schutz index or the Pietra ratio. Contrary to the well-known Gini ratio, the quantile-based dispersion ratios are focused on income differences located in the tails of the distribution rather than in the middle groups. They can be used in a supplementary way to overcome the shortcoming of the Gini index, namely, that it is proportionally oversensitive to changes in the middle of the distribution. More sophisticated measures of income inequality have been constructed using differences (or ratios) between population and income quantiles. Probably the first such measure was the Holme's coefficient standardised by Bortkiewicz, which is based on the quantiles of order 0.5. The concentration curve and corresponding synthetic concentration coefficient proposed by Zenga are also defined in terms of quantiles of a size distribution and the corresponding quantiles of the first--moment distribution.
Quantile-based inequality measures are traditionally estimated using the classical quantile estimator based on a relevant order statistic. In many applications these estimates are presented without any information about their precision, which must be a basis for further statistical inference, e.g. statistical hypothesis testing and interval estimation. The problem can be neglected to some extent if we consider the overall population or sample size large enough to apply the asymptotic theory; one should be conscious however, that for heavy-tailed income distributions the sufficient sample size can be very large indeed. For some population divisions (by age, occupation, family type or geographical area) these simple methods have been shown to be seriously biased, and the estimation errors were found to be far beyond the values that can be accepted by social policy-makers for making reliable policy decisions (Jędrzejczak 2015) . This paper addresses the problem of statistical properties of the estimators of popular inequality measures based on quantiles. After a brief description of such measures (section 2), selected quantile estimators are introduced (section 3). Section 4 comprises the results of Monte Carlo experiments conducted to assess biases and mean squared errors of quantile estimators and their functions. In the last part of the paper (section 5) we present the application of quantile-based inequality, poverty and wealth indices to Polish Household Budget Survey (HBS) data divided by macroregions.
Selected Statistical Inequality Measures Based on Quantiles
Distribution quantiles of a random variable X, which is identified with a household or personal income, or the estimators of these quantiles, have been applied in the construction of simple inequality indices such as the quintile dispersion ratio and decile dispersion ratio (for details, see Panek 2011) .
The quintile dispersion ratio has the following form: 
where , Q Q . . 0 8 0 2 are quintiles, respectively, the fourth and the first. The quintile dispersion ratio can also be defined as the ratio of the sum of incomes of the richest 20% of the population to the sum of incomes of the poorest 20%:
where GK j is j-th quintile group.
The measure (2) can be interpreted as the ratio of the average income of the richest 20% of the population to the average income of the poorest 20% of the population and is usually calculated on the basis of equivalised income.
Similar ratios can also be calculated for other quantiles, for instance deciles or percentiles (95th and 5th) of income distributions. Using the first and ninth decile we can obtain the following decile dispersion ratio: 
If the index K 1:10 is closer to 1, the inequality is lower (mean incomes in the extremal decile groups are the same).
A popular inequality measure based on income shares received by subsequent decile groups is the coefficient of maximum equalisation, also known as the Schutz index or the Pietra ratio:
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where S j is income share of the j-th decile group in the total income.
The measure (6) can be interpreted as the portion of the total income that would have to be redistributed (taken from the richer half of the population and given to the poorer half) for there to be income equality.
During a thorough income distribution analysis the problem of inequality measurement is usually interrelated with the estimation of poverty indices. To obtain reliable poverty characteristics it becomes crucial to define and estimate the poverty threshold .
z u There are numerous definitions of this threshold, taking into consideration an absolute or relative approach. The relative poverty line utilised by Eurostat is . ,
= where M . 0 5 is the median of a random variable X.
On the basis of the poverty line, the popular head-count ratio (at-risk-of--poverty rate) can be determined: , F z W . .
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=^h where F is the distribution function of X.
The poverty threshold and head-count ratio can be estimated using the following estimators:
and
where , ,...,
is a random sample and Me is the median estimator established on the basis of the random sample.
Wealth indices, concentrated on the upper part of income distribution, are utilised to measure the share of the best-off in a population of households. Among others, a wealth line can be defined as z M 3 . Brzeziński 2014 , Peichl, Schaefer & Scheicher 2008 ) and the wealth index based on it is given by:
.
=^h These measures can be estimated using the following formulas:
is a random sample and Me is the median estimator.
Examples of more sophisticated inequality measures, focused on each and every part of an income distribution, are the Gini and Zenga indices. The popular Gini index based on the Lorenz curve is not considered in this paper. The synthetic Zenga index is based on the concentration curve that can be considered a point concentration measure, as it is sensitive to changes at every "point" of the income distribution. The Zenga point measure of inequality is based on the relation between income and population quantiles (Zenga 1990 , Jędrzejczak 2012 , Greselin, Pasquazzi & Zitikis 2013 , Arcagni 2016 :
where
is the corresponding income quantile. Therefore, the Zenga approach consists of comparing the abscissas at which F(x) and Q(x) take the same value p.
The Zenga synthetic inequality index is defined as simple arithmetic mean of point concentration measures , , .
Quantile Estimators and Their Properties
Let X be a continuous random variable with distribution function F and let Q F p p 1 -=^h be the p-quantile of the random variable X, where , .
If F is a continuous and strictly increasing distribution function, the pth quantile always exists and is uniquely determined.
The well-known estimator of the quantile Q p is the statistic:
where F n (x) is the empirical distribution obtaining on the basis of a n-element random sample , ,...,
The problem of quantile estimation has a very long history. In the subject literature numerous nonparametric (distribution-free) quantile estimators have been presented. Their particular expressions depend on the underlying empirical distribution function definition.
The classical quantile estimator obtained for the distribution
, for x R ! is defined by the following formula:
where X ( ) ( ) k n is an order statistic of rank k.
Among other estimators of quantiles, Q p we can mention the standard estimator, Huang-Brill estimator, Harrell-Davis estimator and Bernstein estimator, to name just a few (Huang & Brill 1999 , Harrell & Davis 1982 .
By means of the empirical distribution level crossing, which has the following form: 
we obtain the Huang-Brill estimator of the pth quantile Q p :
It can easily be noticed that for p = 0.5 the estimator of the quantile Q 0.5 is the order statistic .
Another interesting quantile estimator is the Bernstein estimator given by:
More examples of quantile estimators can be found in the papers of Pekasiewicz (2015) and Zieliński (2006) .
Analysis of Monte Carlo Experiments
The main objective of the Monto Carlo experiments conducted in the study was to assess the properties of selected estimators of quantiles. We were especially interested in their biases and sampling variances, i.e. the components of their sampling errors. The following estimators have been taken into consideration: the classical quantile estimator (13), HuangBrill estimator (15) and Bernstein estimator (17). The estimators presenting the best performance were further applied to evaluate the quantile-based inequality measures for income distributions in Poland by macroregion.
In the experiments two different probability distributions were utilised as population models: lognormal distribution, ,
The sets of parameters of both theoretical distributions were established on the basis of real income data originating from the Polish HBS and administrative registers, comprising a large variety of subpopulations differing in the level of income inequality, which have been observed over the last two decades. The sample sizes were fixed for each variant as n = 500, n = 1000, n = 2000. The number of repetitions of the Monte Carlo experiment was N = 20,000. The simulated sample spaces were used to assess, for each estimator, its empirical bias and standard error. Tables 1 and 2 present the results of the calculations for three quantile estimators: classical, Huang-Brill and Bernstein, for sample sizes 500 and 1000. In particular, the tables show the relative biases and relative root mean squared errors of these estimators obtained for predefined population models -lognormal and Dagum -differing across the experiments in the overall inequality level. Similar experiments for the Gini and Zenga ratios were reported in Jędrzejczak (2015) .
Analysing the results of the calculations it becomes obvious that the Bernstein estimator performs better than its competitors -its root mean squared errors (RMSE) are much smaller than those observed for the other quantile estimators and its relative biases (BIAS) are also smaller, especially when the quantiles of higher orders are taken into account. The bias and RMSE of the Huang-Brill estimator are similar to the respective values for the classical quantile estimator. It is worth noting that for all cases biases are rather negligible, so the total errors are dominated by sampling variances. In general, the estimation errors are higher for extremal quantile orders, for the heavy-tailed Dagum model, and they also tend to increase as income inequality increases. given by the formulas (1) and (3). These estimators can be obtained as functions of the subsequent quantile estimators mentioned above. The properties of quintile and decile dispersion ratios are illustrated in Tables 3 and 4 . All the values are presented as percentages relative to their corresponding population parameters.
Analysing the results of the calculations presented in Tables 3 and 4 it becomes obvious that the estimators of quintile and decile dispersion ratios based on the Bernstein quantile estimator outperform the estimators based on the classical and Huang-Brill estimators of quantiles. For the Bernstein estimator, the biases and mean squared errors turned out to be substantially smaller for most cases.
Application of Inequality Measures to the Analysis of Income Distribution in Poland
The inequality measures based on deciles and quintiles, as well as the Zenga indices, have been applied to income inequality analysis in Poland by macroregion (NUTS1), based on the HBS 2014 sample. They include the decile and quintile dispersion ratios, the reciprocal of the decile dispersion ratio K, the coefficient of maximum equalisation E and the synthetic Zenga index Z. To obtain reliable estimates of these coefficients we used the Bernstein quantile estimator, which turned out to have the highest precision (Tables 1 and 2 ). Basic characteristics of the HBS sample, divided by macroregion, are presented in Table 5 . Table 6 shows the results of the approximation of the empirical income distributions by means of the Dagum model using the maximum likelihood method. Additionally, in Figure 1 there are histograms and fitted Dagum density curves describing income distributions in Poland by macroregion. Analysing the outcomes of the approximation presented in Figure 1 one can observe very high consistency between the empirical distributions and the theoretical ones. This is also confirmed by the values of a goodness-of-fit measure (the overlap coefficient) calculated for each region and the whole country and presented in the last column of the Table 6 . The estimated values of inequality measures such as the decile and quintile dispersion ratios, the reciprocal of the decile dispersion ratio K and the synthetic Zenga index Z, obtained on the basis of implementation of the Bernstein estimator, are given in Table 7 . The indexed values of selected inequality measures from Table 7 have been used to order Polish macroregions by inequality level, as is demonstrated in Figure 2 . They also show the differentiation of income inequality across regions.
The estimated values of quintile and decile share ratios, as well as the values of synthetic Zenga inequality measures, indicate the Central macroregion as the one with the highest income inequality level. This is 5000 10 000 15 000 20 000 25 000 30 000 5000 10 000 15 000 20 000 25 000 30 000 5000 10 000 15 000 20 000 25 000 30 000 5000 10 000 15 000 20 000 25 000 30 000 5000 10 000 15 000 20 000 25 000 30 000 5000 10 000 15 000 20 000 25 000 30 000 particularly evident for extremal income groups, e.g. the income of the richest 10% of households is 12 times bigger than the income of the poorest 10% (W : ( ) 10 10 2 = 12.085). On the other hand, the lowest values of all inequality measures (except for the K index) have been observed for the Southern macroregion. Three macroregions: Central, Eastern and Northern present income inequality above the national level, while in the remaining three: North-Western, South-Western and Southern it was found to be substantially lower than for the whole country (Figure 2) . In general, 22% of the total income of Polish households would have to be redistributed from the richer to the poorer groups for there to be income equality (E = 22%). The relative poverty threshold established as 60% of equivalent national median income, and the relative wealth line established as the median estimated by means of the Bernstein estimator, are equal to 1181.85 PLN and 5909.23 PLN, respectively. Estimates of the poverty index (head-count ratio (8)) and wealth index (9) for each macroregion based on these thresholds are presented in Table 8 . Also contained in the table are the poverty thresholds and wealth lines estimated separately for each macroregion. The indexed values of poverty and wealth ratios (Poland = 100%) are presented in Figure 3 . It is worth noting that the ordering of Polish macroregions by poverty rates is different from the ordering by inequality levels -for some regions (Central) relatively high income inequality does not coincide with high poverty rates, and inversely, relatively low inequality does not always induce low poverty rates (North-Western region). On the other hand, for highly unequal distributions (Central, Eastern), one can observe a large discrepancy between poverty and wealth rates (Figure 3) , indicating different within--region inequality patterns -a large amount of inequality due to extremely low income groups (the case of the Eastern region) or extremely high income groups (the Central region).
Conclusion
Analysis of income and wage distribution is strictly connected with the estimation of inequality and poverty measures based on quantiles. Therefore, for income data usually originating from sample surveys, it becomes crucial to use the quantile estimators that present satisfying statistical properties. In this paper, the Huang-Brill and Bernstein estimators have been proposed and analysed from the point of view of their sampling errors under several income distribution models. In the simulation studies the properties of these estimators have been compared with the classical one, which is most often applied in practice. The results of the calculations reveal that the Bernstein estimator performs better than its competitors -its root mean squared error (RMSE) is much smaller than the one observed for the other quantile estimators and its relative bias (BIAS) is also smaller, especially when the quantiles of higher orders are taken into account. Consequently, the Bernstein estimator has been applied to the estimation of various inequality measures for NUTS1 regions in Poland.
The reliable quantile estimators, as well as various inequality, poverty and wealth measures based on them, enabled us to analyse income distributions in Poland by macroregion. The analysis revealed substantial discrepancies between regions in Poland, which can be the basis for further analysis by economists and social-policy makers.
